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Abstract - Association is a very powerful way to unterstand and react
to the surrounding environment. It was and it is one of the most fas-
cinating abilitys of the human brain. So, the attempt to implementd
such a usefull tool was early discussed.

In the first chapter we will discuss some common features of im-
plemented associative memories as a concept. To give some methods
the second and third chapters deal with Hopfield networks and Boltz-
mann machines. The fourth chapter is about other architectures re-
garding associative memories. The essay closes with our conclusion
concerning the future developement of this field.
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1 Associative Memory

Association is an important ability of the human brain. To understand our world
we learn patterns of creatures and things to determine the sort of our surround-
ing - to associate the correct pattern with the things we see, even if they slightly
differ. But also, human beings are associating other observations correclty with
a known pattern. As example we learn to know a wesp as a threat to our sweets.
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Figure 1: Auto- and hetero-association in real life.

Formally spoken, association can be an autoassociative recall: replenish an in-
complete pattern into a complete stored one; and a heteroassociative recall,
which produces an output pattern in response to the input pattern [11].

Such an associative memory can be implemented by a neural network.

These networks use as a base Hebb’s rule:
If two nodes in a network are active simultaniously, reinforce the connection
between them.

The nodes of these networks are usually fully interconnected, but also hier-
archical neural networks can work [5]. This gives them, additional to the strong
resistance against noise, a high computational speed because of parallelism.

We will discuss Hopfield networks and Boltzmann machines because of their
important role as a base in this field. Then we will take a short glimps into
some modern associative memories.



2 Hopfield Networks

2.1 Architecture and principles

Hopfield introduced 1984 a fully interconnected network with symmetric weights
(wij = wj;) and without self connections (Vi : w;; = 0).

For the subsequent formulas, the following notation will be used: In a network
with n units the states of the i — th unit will be denoted by w; (¢ = 1,...,n),
while u € {0,1}" is the configuration vector containing all the u;; let W = (w;;)
(i,7 =1,...,n) the symmetric weight matrix with w;; = 0, and 6 = (64, ...,6,)
the treshold vector containing a treshold 6; for each unit i.

So the energy function is as follows for a binary Hopfield network:

1
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and for a continuous network:
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The binary network is updated in the following way [8]:
1. pick a node i randomly
2. check if z; = Ej u;w;; — 0; positive, then let u; =1, else u; =0
3. repeat for the whole net

A continuous Hopfield network uses the above shown energy equation and, as
a difference in step 2 of the update prodecure for binary Hopfield networks, a
continuous function for z; and for u; = g(z;) a monotonic increasing differen-
tiable function.

Hopfield has stated a theorem about the convergence of a Hopfield net [18]:

Hopfield theorem: If (w;;) is a symmetric matriz and if Vi : u; = g(x;)
is a monotonic increasing differentiable function, then E is a Lypapunov func-
tion for motion equations.

A Lypapunov function is known to be convex and so, under the given con-
ditions, the theorem guarantees convergence to a local minimum of the neural
net, where the following equalities hold:

Vi u; = g(x;) ANe; = Zwij“j +0;
J



It is also known that the amount of storable patterns is restricted to about 15%
of the amount of the nodes in the network [12].

As only decreasing of the system'‘s energy is possible, Hopfield networks can
get stuck in local minima. For this reason, Boltzmann Machines offer improved
prospects.

2.2 Applications for the Hopfield model

There are manifold examples to illustrate the properties of Hopfield networks,
many of them handle combinatorical problems such as the Picking Stone Prob-
lem [9], the Travelling Salesman Problem [14] and Perelman’s Nine Flies Prob-
lem treated in [10].

Another combinatorical task involving constraints and inhibitory units is the
N-Queens Problem [14]. Consider a N x N chess board and N queens for
N >4, N € N. The task is to find the possible solutions to place all queens on
the board such that none of them can beat each other, i.e. exactly one queen
in each row, column and diagonal.

Figure 2: A solution to the four queens problem.

To model the chess board, a N x N-layer of units is used. Denote the states of
the units corresponding to the chess-board fields by z;; where 4,5 € {1,..., N}
ki

refer to colum and row number. Let z = (x11,...,2yN and wy; the connection

weight between units 75 and kl. Then x;; = 1 iff a queen is placed on square .

The given constraint is realized by inhibitory connections within rows, columns
and diagonals, i.e. the input to each unit has to be smaller than zero if another
unit in the same row, column or diagonal is set to state 1. This is archieved by
a set of objective functions F,., F., E4 as follows:
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where D is the index set of diagonals and D contains the index pairs for the
k — th diagonal.

These functions have their minima for configurations which satisfy the problem
contraints and are assembled to

E=E +E.+E,

which is to be minimized. The weights wfjl are all set to —2 for coherent (in the
sense of the constraints) units, 0 otherwise, and the tresholds all to —1. Thus,
a unit is set to state 1 iff none of the coherent units inhibits it by a input of —2.

The energy function stated above has more than one minimum - local min-
ima may get adopted, if less than N queens are posed on the board. Hence, the
network won’t find suitable solutions only.



3 Boltzmann Machines

The Boltzmann machine extends the concept of Hopfield networks by a stochas-
tic update method. We will describe the basic architecture, followed by deeper
explanations of the stochastic foundations and a description of the learning and
processing algorithms. Another section is dedicated to the modification towards
the restricted Boltzmann machine. A short overview of the (simulated) anneal-
ing technique is supplied in the last section.

3.1 Architecture and principles

Similar to a Hopfield network, a Boltzmann machine is a network of units which
are fully interconnected by bidirectional connections with symmetric weights,
whereas no self-connections are allowed. These units have binary values {0, 1},
refering to states OFF and ON for each unit. That means, the whole system
is in a certain state, sometimes called configuration, at every time. Due to the
configuration the system has a corresponding value of its energy function. The
crucial difference from Hopfield networks is the way of updating the states of
the units which is determined by stochastic decisions here.

For the energy function we obtain, as for Hopfield networks,

E(u) ——uWul + 6u™ (5)
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with the same notation as used in section 2.1. Due to the probilistic update
rule, a Boltzmann machine is able to transit to states on a higher energy level -
in contrast to a Hopfield network. This avoids getting stuck in local minima of
the energy function in minimization problems.

Remark on the treshold #: Ackley et al. suggest in [1] to replace the tresh-
old by a unit in an always-ON state, which is connected to all other units ¢ with
weights —0;, called bias b; of the unit. The effect would be the same, but the
modification may simplify calculations.

For updating the network a unit ¢ is chosen at random and its input

G = AEZ = iujwij — 91

Jj=1

is calculated. G is the energy gap for unit i, i.e. the difference of the systems
energy if u; = 0 and the energy if u; = 1, which can be seen from (6).

Thus, G > 0 means, that the energy of the whole system is higher if u; = 0 and
vice versa (i.e. higher energy for G < 0 with u; = 1). So it is preferable for
the system to have the unit’s state ON or OFF, respectively, since the aim is to
minimize F(u).



This fact comes out in the decision of the unit’s next state, which is taken
independently from the current unit state, namely the probability

1

p:= P(unit i will be ON) = P(u; = 1) = 11eG/IT

where T' € RT is a ”temperature” parameter, chosen arbitrary but fixed. Let
q := 1 — p the probability that unit i will be OFF.

The temperature parameter T is important for the method of simulated anneal-
ing, which is described in section 3.5. Here, only its relation to thermodynamics
and its meaning for the update decision shall be mentioned: The reason to call
T temperature is the origin of the model in thermodynamics, studied by the
physicist Ludwig Boltzmann in the 19th century.

Let S the state space for a system and U,V the events that the system is in
state u or v, respectively. From the so-called Boltzmann distribution, giving the

probability
e E(u) /T

PO = 5 e

(7)

one can derive

P _ (BE@=-EBE)/T _ ,G/T

q
with U, V = "current unit will be in state ON or OFF, respectively”.

It follows reasonably, that if G = 0, i.e. the state of the unit has no effect
on the energy of the system configuration at the moment, the probabilities p, ¢
for a ”change” to unit state 1 or 0 are equally % Furthermore, a high energy
gap G causes p to to be closer to 1, whereas a low and negative G causes p
to be small. One may interpret that fact by saying that the probability of the
system to move upwards a high amount in the energy function is small, while
small increasings are more probable.

Considering T, it is obvious that the smaller T is, the smaller becomes e~
both for positive and for negative values of G. That means, jumping to higher
energy levels is more unlikely for decreasing T. Hence, the Boltzmann machine
approximates the behaviour of a Hopfield network with 7" — 0.

G/T

3.2 Stochastic considerations

A Boltzmann machine is a discrete Markov chain with the 2" x 2™ transition
matrix

M= (PU|V)) for u,ves

i.e. the entries of M are the conditional probabilities for the system to change
from state u to state v. Recall from above that
1

p=Plui=1)= ;g =



Figure 3: The probabilities p as function of G for different temperatures T

so that the entries of M can be expressed as
%'P Slui—vl=T1and > u; — > v, =—1
mij =4 ~-q  Ylui—v|=1and Yu;—> v; =+1

0 otherwise

for i # j; the entries on the diagonal are

1
my; =1— Zmz] = EZQ(l —uy) - pu;
J J
The prefactor % stands for the uniform probability for each unit to be chosen
for an update. Next, transitions to configurations with a Hamming distance
d(u,v) > 1 from the original configuration are impossible (= m;; = 0) and all
other probabilities depend on from which state the chosen unit changes to which
state. The entries on the diagonal result from the sum over all units j, where
each unit credits a %p to the sum iff u; =1 and a %q iff u; = 0, since these are
the only possibilities to leave the configuration unchanged.

Starting at an initial probability distribution dy € [0,1]™ for the u € S, it is
possible to describe the distribution 0 after k£ updates by

0 = 61 M = 6_oM? = ... = 5o MF
The issue is now to find a statinary distribution 7, so that
T=71M

The above stated Markov chain is irreducible and positive recurrent, i.e. each
configuration can be accessed from each other configuration in one or more
steps and the expectation E(R;) of the number of steps to re-visit a state i
is finite (see e.g. [16] for details on Markov chains). Then, as an important
result of Markov chain theory, a stationary distribution 7 exists, and, since the
Boltzmann machine is an aperiodic Markov chain (since each configuration can
transit to itself with probability greater than zero), it holds that

0p > mas k — oo



In [14] it is shown that the stationary distribution, equivalent to a thermal
equilibrium, for fixed T in Boltzmann machines is the Boltzmann distribution
stated above in (7).

3.3 Learning and processing in Boltzmann machines

For the use as a completion machine, e.g. to supply missing parts of corrupted
patterns, the set of units is split into a set of visible and a set of hidden units,
which are still fully interconnected.

The learning algorithm for Boltzmann machines introduced by Ackley, Hin-
ton, Sejnowski in [1] and refined in [7] deals with a measure indicating to what
degree the weights in the network are appropiate for modelinig the environment.
That measure will be the objective function and shall be minimized by adjusting
the weights. The environment itself consists of configurations appearing due to
a certain distribution.

First one clamps a training configuration vector over the visible units, long
enough to allow the system to reach its thermal equilibrium. Denote the prob-
ability for such a vector v to appear on the visible units by P*(v). The dis-
tribution is independent from the weights, but determinded by the environment.

Next, the distance measure between actual, given destribution and the dsitribu-
tion P~ which is obtained by running the system freely (i.e. without clamped
units) is given by
Pt (v)
r= Pt (v)1
21O )

and refers to the information gain (Kullback, Renyi). This distance measure
is not a metric, since it is not symmetric - the fact that more frequent events
should have a heavier effect on the measure, thus by weighting by the actual
probability, is reflected here.

Now, as the objective function I' is defined, gradient descent with respect to
the partial derivatives by w;; is used, i.e.

or 1 -
dw;,; = *f(pij - pij)

where pj'j is the averaged (over all environment inputs) probability (expectation)
that unit 7+ and j are both ON, measured at equilibrium and when clamped,
whereas p;; is the corresponding value for the free-running system. The calcu-
lation for the derivative can be found in [1].

With an arbitrary parameter ¢ € Rt the weights are updated by

wij —— wij + Awij = wi; + e(p; — i) (8)

For the recall procedure one may divide the visible unit set into input and
output units. The result of the training should be that for each configuration v



the probability to converge to v as equilibrium configuration is equal, no matter
whether

e a random initial configuration is chosen
e an arbitrary input is clamped to the input units.

Hence, when an incomplete input vector is presented and the available pattern
parts are clamped to the input units, the Boltzmann machine converges to the
thermal equilibrium and presents the missing pattern parts on the output units.
This is archieved by stepwise simulated annealing, where the temperature steps
and the number of update cycles, referred as annealing schedule by [17], have
to be chosen arbitrary for the current problem.

3.4 Restricted Boltzmann machines

The Boltzmann machine entails a certain problem, namely the slow and exten-
sive learning procedure, among others induced by the large number of necessary
learning and annealing steps and the required accuracy of the calculations to
avoid loss of significance.

Especially for multi-dimensional tasks the velocity will decrease; the number of
bidirectional connections is (”2; ") for a network with n units.

As an improvement, in [2] a parallel implementation of the Boltzmann machine
is described, but here the more recent concept of the so-called restricted Boltz-
mann machine as discussed in [15] and [21] shall be introduced.

The rescricted Boltzmann machine (RBM) divides the visible and hidden units
more consequently, in fact by introducing a visible and a hidden layer. Inside
each layer there are no connections between units allowed, thus each visible unit
connects to each hidden unit. For image recognition one may correspond them
to image pixels and feature detectors respectively.

Thus it is reasonable to use ”joint” configurations (v, h) of visible and hidden
unit states. Denote the sets of visible and hidden units by V,H and the sets
of the corresponding possible partial configurations by V, H. Then the energy
function of the system for a joint configuration (v, h) yields

E(’U,h) = — Zwijvihj — szvz — ijhj
(2] i J
with 0 <4 < [V] and 0 < j < [H]|.

The distribution over V is given by

-1

p(v) = Z e~ E(v,h) Z e~ E(u,9)

heH ueV,geH

To reach the stationary distribution, the units are updated by a probability
underlied by the logistic function o(t) = (1 +e~%)~!. The state of hidden unit

10



j or visible unit ¢ is set to 1 or ON with

g (b] + Zwijvi>

p1(4)
pl(i) = O bi+zwijhj
J

After gradient descent on Inp(v) with respect to w;; the weight change during
training is, similar to (8), given by

Aw;; = e(pf; — p;;)

with p;; = Expectation(v; = 1 = h;), where * denotes the expectation on the
actual data, ~ on the modeled data.

Restricted Boltzmann machines were, for example, trainined on character recog-
nition and collaborative filtering, i.e. a system which suggests certain objects
based on ratings by different users. More precisely, the machine guessed which
movies a user might like, according to his and other users’ ratings on a set of
movies. Hinton et. al. successed even with datasets of more than 100 million
ratings [15].

3.5 Annealing and simulated annealing

Annealing, a process from metallurgy, works as follows:

A metallic material is heated and then cooled down slowly, so that, at each tem-
perature step, the crystalline lattice can find its optimal position. By gradually
decreasing the materials temperature, the molecule system becomes more and
more stable, but is still able to compensate structural irregularities by changing
to higher-energy states and thus overcoming local energy minima.

The behaviour of the Boltzmann machine is, as already mentioned, a special
case of simulated annealing. To simulate this process in general, one uses the
energy function of the considered model and assigns acceptance probabilities

1
PAB(uv) = T oAB(wo)/T

for the energy gap AFE for two configurations u,v as stated in 3.1. In this
general model it’s not necessary that the units have binary states and one is not
restricted to change the state of only one single unit per time step.

11



4 Other Architectures

The basic ideas of the Hopfield network and the Boltzmann machine are the
more vintage architectures for associative memories. In the following we will
present three new ideas how to implement associative memories in short.

4.1 Bidirectional Associative Memory

A bidirectional associative memory (BAM) is a neural network that uses for-
ward and backward bidirectional search for pattern recognition.

Bidirectional search is a common term for starting from goal and start point and
searching from both sides a path to the other side respectively. In the optimal
situation, these paths should meet in the middle of the search tree. Here the
start is the input pattern and the goal one of the stored patterns.

BAM is based on correlation matrix summation (W correlation matrix, x?, ¢
stored pattern):
W= Z (z1) Ty
i

Correlation is a synonym for the strength and direction of the relatedness be-
tween two vectors. This algorithm was first proposed 1988 by Kosko and some
new features were added by Zheng et al. [6].

4.2 One Shot and Exponential Correlation Memories

The One Shot Associative Memory (OSM) and the Exponential Correlation As-
sociative Memory (ECAM) have both the same amount and structure of nodes.
Both of them have an input and an output layer of n nodes as well as hidden
layers with m nodes, when m patterns should be learned [20].

Regardless of that, OSM is a feedforward network but ECAM a recurrent net-
work.

OSM learns the patterns in the training phase through calculating hamming
distances (bit by bit) for each pattern in combination with a learning rate for
each component of each pattern. A high component importance results in a
high learning rate for this component.

When the OSM is trained, in the test phase a pattern is presented. After get-
ting all patterns, that can be the winners, the Hamming distance is computed
to find the best matching pattern.

As OSM uses a static domain of attraction, it seems to be better for typed
letters and do bad on handwritten letters [13].

For further information about the detailed learning algorithm we refer to the
paper of Wu et al.[20].

ECAM learns the patterns with the help of only one learning rate for each
pattern.

In the test phase, ECAM takes the input pattern and with a correlation equation
it assigns each stored pattern a negated normalized hamming distance towards

12



the input. These values are then distributed over a greater range in the weight-
ing function and the average pattern is represented to the network again. This
iteration is done until the net stabilizes or the maximal number of rounds is
reached.

In opposite to OSM the ECAM has dynamic attrative domains that are defined
in the test phase. ECAM was tested against OSM and did better in handwritten
letters [13].

ECAM was introduced in the paper of Chiueh et al. [4].

4.3 Hamming Associative Memory

A Hamming Associative Memory is a feedforward neural net. It is based on
computing the Hamming distance between the input and the stored patterns.
The output will be the one stored pattern with the minimal distance to the
input pattern. There are several variants available, some which are summarized
by Watta et al. in [19].
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5 Conclusions

The time of using an associative memory in the fields of computer science seems
to be over since some years ago. Most of the papers and books we looked
through were so old (1975 - 1995) that their focus was mostly on the actual
implementation of an associative memory than a full exploration of its abilities
in huge projects. So we actually checked much more material, than that was
used in this essay.

And even if there is the Free Lunch Theorem, which states that there actually
exists a specific subset of problems for associative memories, where they will
perform the best, in most of associative memoroy application areas different
algorithms are used due to some reasons like [19]:

1. too high computation time because of a high amount of weights that need
to be updated

2. limited storage capacity

But nevertheless some researchers work in this area and probably a new appli-
cation field will be found.

For Boltzmann machines, there are indeed topics where they can succeed -
even in psychology or in studying chaotic behaviour of nerual circuits. This
is probably due to their ability to discover non-trivial correlations in data sets
which a human might never expect. Especially the Restricted Boltzmann Ma-
chine offers a new approach to certain problems. For example, the formerly
discussed rating-suggestion-system is a very common marketing tool on certain
online-shops.
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